In this paper, the demiclosed principle for a k-asymptotically strictly pseudononspreading mapping is shown. Meanwhile, an iterative scheme is introduced to approximate a common element of the set of common fixed points of k-asymptotically strictly pseudononspreading mappings and the set of solutions of mixed equilibrium problems in Hilbert spaces, and some weak and strong convergence theorems are proved. The results presented in this paper improve and extend some recent corresponding results. MSC: 47H09; 47J25
http://www.fixedpointtheoryandapplications.com/content/2014/1/104 Definition . Let C be a nonempty subset of a real Hilbert space H. A mapping T : C → C is said to be k-asymptotically strictly pseudononspreading if there exist a constant k ∈ [, ) and a sequence {k n } ⊂ [, ∞) with k n →  (n → ∞) such that
It is easy to see that the class of k-asymptotically strictly pseudononspreading mappings is more general than the classes of k-strictly pseudononspreading mappings and k-asymptotically strict pseudocontractions. and C = {x = (x  , x  , . . . , x n , . . .)|x i ∈ R  , i = , , . . .} be an orthogonal subspace of X (i.e., ∀x, y ∈ C, we have x, y = ). It is obvious that C is a nonempty closed convex subset of X.
For each x = (x  , x  , . . . , x n , . . .) ∈ C, we define the mapping T : C → C by Next we prove that T is a k-asymptotically strictly pseudononspreading mapping.
In fact, for any x, y ∈ C. Case . If k n x -y  = k n ( x  + y  );
 x -T n x, y -T n y = .
Therefore inequality (.) holds for any k ∈ [, ). Case . If k n x -y  = k n ( x  + y  );
x -T n x -(y -T n y)
Thus inequality (.) still holds for any k ∈ [, ). Therefore the mapping defined by (.) is a k-asymptotically strictly pseudononspreading mapping. A mapping T : C → C is said to be uniformly L-Lipschitzian if there exists a constant L >  such that for all (x, y) ∈ H × H,
A Banach space E is said to satisfy Opial's condition if, for any sequence {x n } in E, x n x implies that lim sup n→∞ x n -x < lim sup n→∞ x n -y for all y ∈ E with y = x. It is well known that every Hilbert space satisfies Opial's condition.
A mapping T with domain D(T) and range R(T) in E is said to be demiclosed at p if whenever {x n } is a sequence in D(T) such that {x n } converges weakly to x * ∈ D(T) and
T is said to be semi-compact if for any bounded sequence {x n } ⊂ H with lim n→∞ x nTx n = , there exists a subsequence {x n i } of {x n } such that {x n i } converges strongly to a point x * ∈ H.
Recently, Zhao and Chang [] proposed the following algorithm for solving k-strictly pseudononspreading mappings and equilibrium problem in Hilbert spaces.
where S i,β := βI + ( -β)S i , α i,n ⊂ (, ). Under some suitable conditions, they proved that the sequences {x n }, {y n } weakly and strongly converge to a solution of the problem
For finding a split feasibility problem for k-strictly pseudononspreading mappings in a Hilbert space, in [], Quan and Chang presented the following iterative method:
where γ is a constant and γ ∈ (, -κ λ ), λ is the spectral of the operator A * A, κ = max{κ  , κ  , . . . , κ N }, and {α n } is a sequence in (,  -] with = max{  ,  , . . . , N }. Under some suitable conditions, they proved that {x n } weakly and strongly converges to a split fixed point x * ∈ .
Inspired and motivated by the recent works of Zhao and Chang [], Quan and Chang [] , etc., in this paper, we propose an iterative scheme to approximate a common element of the set of solutions of k-asymptotically strictly pseudononspreading mappings http://www.fixedpointtheoryandapplications.com/content/2014/1/104 and mixed equilibrium problem in infinite-dimensional Hilbert spaces. Some weak and strong convergence theorems are proved. At the same time, the demiclosed principle of a k-asymptotically strictly pseudononspreading mapping is shown. The results presented in this paper improve and extend some recent corresponding results.
Preliminaries
Throughout this paper, we denote the strong convergence and weak convergence of a sequence {x n } to a point x ∈ X by x n → x, x n x, respectively. Let H be a Hilbert space with the inner product ·, · and the norm · , let C be a nonempty closed convex subset of H. For every point x ∈ H, there exists a unique nearest point of C, denoted by P C x, such that x -P C x ≤ x -y for all y ∈ C. Such a P C is called the metric projection from H onto C. It is well known that P C is a firmly nonexpansive mapping from H to C, i.e.,
Further, for any x ∈ H and z ∈ C, z = P C x if and only if
For solving mixed equilibrium problems, we assume that the bifunction F : C × C → R satisfies the following conditions: 
The demiclosed principle and the closeness and convexity of the set of fixed points of a nonlinear mapping play very important roles in investigating many nonlinear problems. We now show the demiclosed principle of k-asymptotically strictly pseudononspreading mapping and the closeness and convexity of the set of fixed points of such a mapping, respectively. Proof Let {x n } ∞ n= ⊂ F(T) be a sequence which converges to x ∈ C, we show that x ∈ F(T).
Since T is k-asymptotically strictly pseudononspreading, we have
Since k n →  and x n -x →  as n → ∞, we get that lim n→∞ T n x -x = . Since T is continuous, which implies that
For x, y ∈ F(T) and t ∈ (, ), put z = tx + ( -t)y. We show that z = Tz. In fact, we have
So,
Since k n →  as n → ∞, we obtain that lim n→∞ z -T n z  = , which implies that
Lemma . Let C be a nonempty closed convex subset of a real Hilbert space H, and let T :
C → C be a k-asymptotically strictly pseudononspreading and uniformly L-Lipschitzian mapping. Then, for any sequence {x n } in C converging weakly to a point p and { x n -Tx n } converging strongly to , we have p = Tp.
Proof Since lim n→∞ x n -Tx n = , by induction we can prove that
In fact, it is obvious that the conclusion is true for m = . Suppose that the conclusion holds for m > , now we prove that the conclusion is also true for m + . Indeed, since T is uniformly L-Lipschitzian, we have
Then from Lemma . we have
It follows from (.) and (.) that
That is,
Hence we have
This is p = Tp, as desired. The proof is completed.
Lemma . []
Let the number sequences {a n } and {α n } satisfy
where a n ≥ , α n ≥  and ∞ n= α n < ∞. Then () lim n→∞ a n exists; () if lim inf n→∞ a n = , then lim n→∞ a n = . 
, and the sequence {r n } ⊂ (, ∞) satisfies that lim inf n→∞ r n >  and
Proof The proof is divided into four steps.
Step . Firstly, we prove that lim n→∞ x n -p exists for any p ∈ . Taking p ∈ and putting ρ = max{l  , l  , . . . , l N } ∈ (, ), it follows from Lemma . that u n = T r n x n , p = T r n p, we have
from (.) and (.) we have
Substituting (.) into (.) and simplifying, we have
On the other hand,
Since T i is a τ i -asymptotically strictly pseudononspreading mapping, we have
From (.) and (.), we have
By using (.) and (.), we have
Using Lemma ., we show that lim n→∞ x n -p exists. Further, it follows from (.) and (.) that {y n } and {u n } are bounded.
On the other hand, from (.) we have
Since lim n→∞ x n -p exists and by the fact that M n → , taking limit on both sides of inequality (.), we get Step . Now, we prove that lim n→∞ x n+ -x n = , lim n→∞ y n+ -y n =  and lim n→∞ x n -u n = .
It follows from Lemma . that u n = T r n x n , p = T r n p, so
This shows that
By (.) and (.), we obtain
Thus, we obtain
In fact, it follows from (.) that
From (.), (.) and (.) we have
Similarly, it follows from (.) that
where u n+ -u n = T r n+ x n+ -T r n x n ≤ T r n+ x n+ -T r n+ x n + T r n+ x n -T r n x n ≤ x n+ -x n + T r n+ x n -T r n x n . (  .   )
On the other hand, it follows from Lemma . that u n = T r n x n and u n+ = T r n+ x n+ . We have
y -u n+ , u n+ -x n+ ≥ , ∀y ∈ C, http://www.fixedpointtheoryandapplications.com/content/2014/1/104
and
Particularly, we have
Summing up (.) and (.) and using (A), we obtain
Thus,
which implies that
Therefore,
Thus, we have 
from (.), (.), (.) and (.) we get
Similarly, we have
This implies that Since lim n→∞ x n -p exists for any p ∈ and x n -p -x n -y n ≤ y n -p ≤ x n -p + x n -y n , it follows from (.) that lim n→∞ y n -p = lim n→∞ x n -p holds. Similarly, lim n→∞ u n -p = lim n→∞ x n -p holds for any p ∈ .
Step . We show that x
In fact, since {y n } is bounded, there exists a subsequence {y n i } ⊂ {y n } such that {y n i } x * ∈ C. Hence, for any positive integer j = , , . . . , N, there exists a subsequence {n i (j)} ⊂ {n i } with n i (j)(mod N) = j such that {y n i (j) } x * . Again, by (.) we know that y iN+j -S j u iN+j →  as i → ∞, therefore we have that lim n i(j) →∞ y n i (j) -S j y n i (j) = . Since S j is demiclosed at zero, it follows from Lemma . that x * ∈ F(S j ). By the arbitrariness of j = , , . . . , N , we have
On the other hand, since lim n→∞ y n -u n = , we know that u n i x * , too. Similarly, it follows from (.) and Lemma . that x * ∈ F(T j ). By the arbitrariness of j = , , . . . , N ,
we have
Now, we show that x * ∈ MEP(F, ϕ).
By Lemma ., since u n = T r n x n , we have
From (A), we obtain
and hence
By lim inf n→∞ r n > , we have lim i→∞ u n i -x n i r n i = . Since u n i x * , it follows from (A) and the weak lower semicontinuity of ϕ that
Put z t = ty + ( -t)x * for all t ∈ (, ] and y ∈ C. Consequently, we get z t ∈ C. Hence
From (A) and (A), and the convexity of ϕ, we have
Letting t → , and from the weak lower semicontinuity of ϕ, we have
This implies that x * ∈ MEP(F, ϕ). Hence x * ∈ .
Step . Finally, we prove that x n x * and u n x * , x * ∈ .
Due to u n i x * , we know that x n i x * from (.). Suppose that there exists another subsequence {x n j } of {x n } such that {x n j } y * ∈ with y * = x * . Using the same proof method as in Step , we know that y * ∈ . Consequently, lim n→∞ x n -y * exists. By using
Opial's property of a Hilbert space, we have lim inf
This is a contradiction. Therefore x n x * . By (.) and (.), we have u n x * . Therefore, the conclusion follows. This completes the proof of Theorem ..
Taking ϕ = , N =  in Theorem ., we have the following result.
Corollary . Let C be a nonempty and closed convex subset of a real Hilbert space H, let F be a bifunction from C × C to R satisfying (A)-(A), and let T : C → C be a uniformly LLipschitzian and k-asymptotically strictly pseudononspreading mapping with the sequence
{k n } ⊂ [, +∞) such that ∞ n= (k n -) < ∞, let S : C → C
be a uniformly L-Lipschitzian and ρ-asymptotically strictly pseudononspreading mapping with the sequence {ρ
where k ∈ (, ), ρ ∈ (, ), {α n } is a sequence in (, ) with lim inf n→∞ α n > , {β n } is a sequence in (,  -k) with lim inf n→∞ β n >  and the sequence {r n } ⊂ (, ∞) with lim inf n→∞ r n >  and lim n→∞ |r n+ -r n | = . Proof Without loss of generality, we can assume that S  is semi-compact. It follows from (.) that
Therefore, there exists a subsequence of {y n i () } (for the sake of convenience we still denote it by {y n i () }) such that y n i () → y * ∈ H  . Since y n i () y * , x * = y * , and so y n i () → x * ∈ . By virtue of the fact that lim n→∞ y n -p exists, we know that
That is, {x n }, {u n } and {y n } converge strongly to the point x * ∈ . This completes the proof.
Applications

Application to a convex minimization problem
It is well known that mixed equilibrium problem (.) reduces to the convex minimization problem as F = . Therefore, Theorem . can be used to solve convex minimization problem (.), and the following result can be directly deduced from Theorem .. , , . . . , N. Let {x n } be a sequence generated by
where k = max{τ  , τ  , . . . , τ N } ∈ (, ), ρ = max{l  , l  , . . . , l N } ∈ (, ), {α n } is a sequence in (, ) with lim inf n→∞ α n > , {β n } is a sequence in (,  -k) with lim inf n→∞ β n > , and the sequence {r n } ⊂ (, ∞) with lim inf n→∞ r n >  and
Application to a convex feasibility problem
The so-called convex feasibility problem for a family of mappings {T i } ω i= (where ω may be a finite positive integer or +∞) is to find a point of the nonempty intersection ω i= C i , where C i is the fixed point set of mapping T i , i = , , . . . , ω.
In Theorem . if F = , ϕ = , then the condition 'u n ∈ C such that ∀y ∈ C, y -u n , u nx n ≥ ' is equivalent to u n = P C (x n ). Therefore, the following result can be directly obtained from Theorem .. 
where {α n } is a sequence in (, ) with lim inf n→∞ α n >  and {β n } is a sequence in (,  -k) with lim inf n→∞ β n > , k = max{τ  , τ  , . . . , τ N } ∈ (, ). 
Application to the mixed variational inequality problem of Browder type
A variational inequality problem (VIP) is formulated as a problem of finding a point x *
with property x * ∈ C, Ax * , z -x * ≥ , ∀z ∈ C. We will denote the solution set of VIP by
VI(A, C).
We know that given a mapping T : C → C, let F(x, y) = Tx, y -x for all x, y ∈ C. Then x * ∈ EP(F) if and only if x * ∈ C is a solution of the variational inequality Tx, y -x ≥  for all y ∈ C, i.e., x * is a solution of the variational inequality.
In [] , the mixed variational inequality of Browder type (VI) is shown to be equivalent to finding a point u ∈ C such that Au, y -u + ϕ(y) -ϕ(u) ≥ , ∀y ∈ C. http://www.fixedpointtheoryandapplications.com/content/2014/1/104
We will denote the solution set of a mixed variational inequality of Browder type by VI (A, C, ϕ) .
A mapping A : C → H is said to be an α-inverse-strongly monotone mapping if there exists a constant α >  such that Ax -Ay, x -y ≥ α Ax -Ay  for any x, y ∈ C. Setting F(x, y) = Ax, y -x , it is easy to show that F satisfies conditions (A)-(A) as A is an α-inverse-strongly monotone mapping. Then it follows from Theorem . that the following result holds. 
